We show that the properties of the electron beam and bright X-rays produced by a laser wakefield accelerator can be predicted if the distance over which the laser self-focuses and compresses prior to self-injection is taken into account. A model based on oscillations of the beam inside a plasma bubble shows that performance is optimised when the plasma length is matched to the laser depletion length. With a 200 TW laser pulse this results in an X-ray beam with median photon energy of 20 keV, > 10 9 photons per shot and a peak brightness of 4 × 10 23 photons s
We show that the properties of the electron beam and bright X-rays produced by a laser wakefield accelerator can be predicted if the distance over which the laser self-focuses and compresses prior to self-injection is taken into account. A model based on oscillations of the beam inside a plasma bubble shows that performance is optimised when the plasma length is matched to the laser depletion length. With a 200 TW laser pulse this results in an X-ray beam with median photon energy of 20 keV, > 10 9 photons per shot and a peak brightness of 4 × 10 23 photons s −1 mrad −2 mm −2 (0.1%BW) −1 .
Laser wakefield accelerators [1] have gathered increasing interest since it was first shown that they were capable of producing high quality electron beams [2] [3] [4] . Development has continued apace, and laser wakefield accelerators can now produce ultra-short bunches of electrons, down to a few femtoseconds [5] , and reach multiGeV beam energies [6] [7] [8] . One of the principal nearterm applications of laser wakefield accelerators is the production of bright, femtosecond duration pulses of broadband X-rays [9, 10] , that are suitable for a range of applications [11] .
A laser wakefield accelerator is formed when an intense, short-duration laser pulse is fired into a moderate density plasma. The ponderomotive force associated with the laser pushes plasma electrons out of its way as it propagates. Due to the much heavier-effectively stationaryions the electrons rush back towards their equilibrium position once the laser has passed, setting up a charge oscillation with a relativistic phase velocity in the wake of the laser pulse. When driven by a sufficiently intense laser pulse, almost all of the electrons can be expelled from an approximately spherical cavity behind the drive, known as the plasma bubble [12] . The electric fields inside this bubble can be capable of accelerating electrons to 1 GeV in just 1 cm [13] .
Electrons can be self-injected into the bubble from the background plasma if the wave has a sufficiently high amplitude [14] . The three-dimensional structure of the bubble means that the injected electron beam undergoes betatron oscillations with a short wavelength (∼100 µm for ∼ 1 GeV) and so generates synchrotron X-rays in the multi-keV spectral range [9] .
In this letter we report on the experimental optimisation of the X-rays generated by a laser wakefield accelerator driven by a 200 TW laser. We show that the electron and X-ray properties are well described by an analytical model that includes the fact that self-injection only occurs after the pulse has self-focused and self-compressed to a sufficiently high intensity. We also show that this source outperforms previous reports of X-ray emission from wakefield accelerators [7, 10] .
The experiment was performed using the Astra Gemini laser at the Rutherford Appleton Laboratory, which delivered pulses of 12 J and duration 55 fs fwhm onto a supersonic gas jet target. The laser was focused with an f /20 off-axis parabolic mirror to a 22 µm fwhm spot containing ≈ 30% of the energy. The peak intensity at focus in vacuum was I ≈ 2.2 × 10
19 Wcm −2 , corresponding to a normalised vector potential a 0 = eA 0 /(m e c 2 ) 3.
Two different helium gas jet targets with exit diameters of (10, 15) mm were used, producing approximately uniform density plasmas of length (8.5, 13) mm with electron densities up to (8.0, 4.0) × 10 18 cm −3 respectively. The laser was focused onto the front edge of the gas flow. The generated electron beam was analysed using a magnetic spectrometer consisting of a 30 cm long 1 T permanent dipole magnet and two scintillating (Kodak Lanex regular) screens.
The magnet also swept the electron beam away from an indirect detection X-ray ccd camera (Princeton Instruments PIXIS) placed on the laser axis. This was mounted outside the vacuum chamber behind a 180 µm thick Be window. An array of 16 metallic filters mounted on a thin Al/mylar substrate was placed directly in front of the camera's CsI scintillator.
The X-ray spectrum was found by performing a least squares fit to the signal detected behind each filter, taking into account the transmission through each filter and the absolutely calibrated detector response under the assumptions that the spectrum was spatially uniform over the detector and has a synchrotron-like shape given by:
is a modified Bessel function of order 2/3 and ξ = E/E c . The shape of this spectrum is characterized by a single parameter, the critical energy, E c [15] . Gaps between the X-ray filters and repeated filters allowed gradients in the X-ray beam profile to be taken into account. Fig. 1 shows the variation of the electron beam spectrum and corresponding X-ray ccd images with plasma density for the 10 mm nozzle. Shots in this data sub-set correspond to the brightest X-ray image recorded at each density. The data shows that there is an optimum density for acceleration of n e ≈ 3.8 × 10
18 cm −3 , and that the X-ray signal is correlated with the electron beam energy. Above the optimum density, the electron beam begins to develop transverse structure and increased divergence. This is consistent with the electron beam interacting with the plasma, driving its own wake and becoming susceptible to propagation instabilities [16] . As the electron beam dephases, it can also interact with the laser field [17] which can also increase the X-ray flux [18] . However, under these conditions no major enhancement in X-ray flux is evident due to these effects. Fig. 2 shows the variation of the electron energy, W max with n e for both the 10 and 15 mm gas nozzles. Both datasets show a similar trend; above a threshold density, W max rapidly increases until it reaches a maximum after which it decreases approximately ∝ 1 ne . Both the threshold and optimum densities occur at lower densities for the 15 mm nozzle. As the X-ray signal is optimised when the electron beam energy is highest, optimisation of the X-ray generation relies on understanding how to optimise the electron energy. The maximum energy predicted by Lu et al., [19] :
is plotted in fig. 2 (dot-dash line) using the a 0 for vacuum.
Here n c = 0 m e ω 2 /e 2 is the critical plasma density for radiation with angular frequency ω. Eqn. 1 consistently underestimates the electron energy at high densities and does not predict an optimum density.
Eqn. 1 assumes a non-evolving laser pulse. However, self-focusing and pulse compression occur as the pulse propagates in its self-generated wakefield, causing a 0 to increase. The maximum value of a 0 can be calculated by assuming that the pulse evolves to a matched spot size that satisfies a 0 ≈ 2(P f /P c ) 1/3 [19] , where P c = 2m e c 3 n c /(r e n e ) is the critical power for relativistic self-focusing and r e is the classical electron radius. The final power, P f , depends on pulse compression and the amount of laser energy that is trapped in the bubble. For a fraction α of the total laser energy E L compressed to a pulse duration τ f , the resulting expression is:
Even though this expression does not include the effects of pump depletion and photon deceleration, it has been shown to be sufficiently accurate to predict the selfinjection threshold [14] . The pulse compression can be quantified by assuming that the front of the pulse travels at the linear group velocity in the plasma while the rear of the pulse, which sits in the significantly reduced plasma density inside the bubble, travels at c. For an initial pulse duration τ 0 , the pulse duration after propagation length l is then: τ f (l) ≈ τ 0 − nel 2cnc [20] . The maximum propagation length, L max , will be limited by pump depletion L pump ≈ cτ 0 n c /n e [19] or by the length of the target, L target , if L target < L pump . So accounting for pulse evolution, the beam energy varies as:
Eqn. 3 is shown as the dashed line in fig. 2 . This model overestimates the observed energy gain, only approaching the data at high densities. It also still fails to explain the initial increase in beam energy with increasing density. These features can be explained by including a distance over which the a 0 amplification occurs before self-injection. We call this the pre-injection pulse evolution length, L PIPE . This pipe length will decrease at higher densities as the pulse evolution rates increase [21] . The variation of electron energy with density can be split into three regions. At low density (region I), the pipe length is longer than the gas jet and so no electrons are injected.
As the density is increased, the evolution becomes fast enough that injection occurs before the end of the gas jet, resulting in low energy electron beams. This region II is marked by the shaded area in fig. 2 . Increasing the density further reduces the pipe length and brings the injection point earlier in the gas jet. But in region II, the density is low enough that the laser has not depleted by the end of the gas jet, so earlier injection leads to an increase in acceleration length. This coupled with the increase in the accelerating field (∝ √ n e ) results in a rapid increase of beam energy with increasing density. Once the density is high enough that the pump depletion length is less than the gas jet length (region III), increasing the density actually decreases the length over which the electron beam is accelerated. Therefore in region III, despite the continuing increase in electric field strength, higher density results in a decrease in the electron energy. At the highest densities, the pipe length is very short and, because the pump depletion length is longer than the dephasing length, the electron beam energy approaches the dephasing limit (eqn. 3).
To model this behaviour, we assume that the pipe length L PIPE = Sn c /n e , where S is a constant of proportionality to be determined. The fraction of the dephasing length, L φ = 
In the bubble regime, the electric field strength varies linearly inside the bubble, so that the beam energy varies quadratically according to:
X-ray peak spectral brightness [10 23 Eqn. 4 is plotted in fig. 2 (solid red and blue lines) with a single fitting parameter, S =11.9 µm, chosen to best reproduce the experimental trend using a least squares fit. A detailed study of the laser pulse properties after the interaction show that the length over which power amplification due to pulse compression occurs is closely matched to this pipe length [22] . The pipe model reproduces all of the main features of the experimentally observed variation in electron energy including: the rapid rise to an optimum density; the reduction in optimum density for the longer nozzle; and the slower fall-off of maximum energy at higher densities. The model performs equally well for both the 10 and 15 mm nozzles with the same value for S, indicating that the precise shape of the gas density plays a minor role in determining the evolution as compared to the initial laser parameters. One of the main results of this model is that the density which maximises the electron beam energy for a fixed length target occurs when the length of the target equals the pump depletion length. Fig. 3 plots how the X-ray critical energy, E c , and peak brightness, B 0 , vary with n e for the 10 mm gas nozzle. Both the critical energy and brightness show similar behaviour; rapidly increasing as the density is increased before turning over above n e ≈ 3.8 × 10
18 cm −3 . The critical energy reaches E c ≈ 30 keV. The brightness, calculated assuming a constant duration matching that of the laser pulse (55 fs) and an r.m.s. source radius consistent with previous measurements (1 µm), reaches 4 × 10 23 photons s
. This is significantly higher than previous results at lower laser power, e.g. [10] , primarily due to the ability to accelerate electrons to ∼ GeV energies, thus increasing their ability to radiate. Under optimum conditions, a total photon yield of N X ≈ 3 × 10 9 per shot was measured.
Calculations of the radiation emitted by self-injected electrons oscillating in the plasma bubble as they are accelerated and then decelerated from the back of the bubble to the front, i.e. over a distance L = 2L φ , have been presented in [23] . The number of betatron oscillations is found to be, N β = γ p , where γ p is the Lorentz factor associated with the bubble motion. The resulting X-ray spectrum is synchrotron-like with an enhanced high-energy tail. To model the X-ray emission for an arbitrary acceleration length less than 2L φ , the expressions from [23] can readily be modified. The modified spectrum for a beam of N b ≈ 3.1 × 10 8 λ 0 √ P f electrons [24] is:
where E c0 = ω c0 = 7.75 × 10 −4 a 5/2 0 (n c /n e ) 9/8 is the critical energy of a synchrotron spectrum corresponding to that emitted by an electron at the maximum energy W max . The spectral shape function, A(ξ, ∆ acc ) is:
dx .
The calculated variation in E c and B 0 have been overlaid on the experimental data in fig. 3a & b, respectively, for a plasma length of 8.5 mm with L PIPE = Sn c /n e and S =11.9 µm. The model, which has no fitting parameters other than than the pipe length determined from the electron data, is consistent with the data. It exhibits the same the sharp initial rise and slow fall off for both E c and B 0 . The model shows that the X-ray emission is also optimised for L PIPE + L acc L target . Fig. 4 compares our measured E c and B 0 with previous experiments. Kneip et al. [24] calculated the following scaling laws in terms of the laser power, P (in TW) for both E c (in keV) and B 0 (in photons s
where a power amplification factor, β is included to account for pulse compression. Compression over a depletion length at the rate in [20] gives β = 2. Eqns. 7 and 8 treat P and n e as independent parameters. However, increasing P decreases the threshold density for self-injection, n th , so experiments at higher power typically operate at lower density [25] . Using [14] to find n th (P ), we can therefore eliminate n e from the above expressions. Furthermore experiments are typically optimised just above the threshold, so the curves for E c and B 0 (plotted in fig. 4 ) span the range [n th , 3n th ].
The scaling laws and experimental data both show that higher power lasers produce higher energy and brighter X-ray sources. However it is important to note that experiments can differ significantly from the scaling law. For example, higher photon energies can be produced if asymmetries are present in the wake which increase the betatron oscillation amplitude and so increase the source size and can decrease the brightness [26] . The photon source in our experiments is much brighter, and at higher photon energy than those at lower power [10] and comparable to an unoptimised experiment at five times higher laser power [7] . Our experimental data and the model developed here suggest that a significant increase in the flux of X-ray radiation from a laser wakefield accelerator can be achieved by careful optimisation of the length and plasma density for a given laser system, and so greatly broaden the range of applications that are accessible with theses sources [11] .
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